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“Only six years old, compressed 
sensing has already inspired more 

than a thousand papers and pulled in 
millions of dollars in federal grants”

February 2010

“a technique that may 
be the hottest topic in 
applied math today”

“paradigm-busting field in 
mathematics that’s 

reshaping the way people 
work with large data sets”

Compressed sensing     a
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Converges provably to solution for
sufficiently small     andδn τ � 1

J-F. Cai, E.J. Candes, and Z. Shen, arXiv:0810.3286

Initialize    (e.g., by zero matrix), proceed inductivelyY0

Singular value decomposition
Thresholding Xn = Umax{0,Σ− τ}V †

Yn = Yn−1 + δnPΩ(M −Xn)

Yn−1 = UΣV †•  
•  
•  

m×m

reconstruct = M

minimize tr[|A|]
such that Ai,j = Mi,j for all (i, j) ∈ Ω

of           matrix2N×2N

Singular Value Thresholding     a

http://arxiv.org/find/math/1/au:+Cai_J/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Cai_J/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Candes_E/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Candes_E/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Shen_Z/0/1/0/all/0/1
http://arxiv.org/find/math/1/au:+Shen_Z/0/1/0/all/0/1


• Some schemes

- Permutationally invariant tomography

- Evidence procedure

- Compressed sensing

• Efficient state representation

- and using it for tomography

Toth, Wieczorek, Gross, Krischek, Schwemmer, Weinfurter, PRL 105, 250403 (2010)

J. Rau, PRA 82, 012104 (2010)

Gross, IEEE Trans. Inf. Th., 57, 1548 (2011)

Cramer, Plenio, Flammia, Somma, Gross, Bartlett, Landon-Cardinal, Poulin, Liu, Nat. Commun. 1, 149 (2010)

http://www.nature.com/ncomms/journal/v1/n9/full/ncomms1147.html
http://www.nature.com/ncomms/journal/v1/n9/full/ncomms1147.html


Efficient state representation: Matrix product states       a    

�̂ ∝
�

k

�P̂k�P̂k

P̂k =
�N

i=1 σ̂αi
i

• Possible for few-particle systems

• Infeasible for large systems

4N observables

• Number and accuracy of 
measurements

• Find compatible state

• Storage space
efficient

description needed



•One-dimensional geometry
• “Local correlations stronger than those between distant 

subsystems”
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•One-dimensional geometry
• “Local correlations stronger than those between distant 

subsystems”

Fannes, Nachtergaele, Werner, Comm. Math. Phys. 144, 443 (1992),
Schollwöck, Rev. Mod. Phys. 77, 259 (2005),

Perez-Garcia, Verstraete, Wolf, Cirac, Quant. Inf. Comp. 7, 401 (2007).

Matrix product states

|ψ� =
�

s1,...,sN

A1[s1] · · · AN [sN ]|s1 · · · sN �
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|ψ� =
�

s1,...,sN

A1[s1] · · · AN [sN ]|s1 · · · sN �

Fannes, Nachtergaele, Werner, Comm. Math. Phys. 144, 443 (1992),
Schollwöck, Rev. Mod. Phys. 77, 259 (2005),

Perez-Garcia, Verstraete, Wolf, Cirac, Quant. Inf. Comp. 7, 401 (2007).

�̂j,...,j+k =
�

sj ,...,sj+k

s�
j ,...,s�

j+k

tr
�
Aj [sj ] · · · Aj+k[sj+k]A†

j+k[s�
j+k] · · · A†

j [s
�
j ]

�
|sj · · · sj+k��s�

j · · · s�
j+k|

rank[�̂j,...,j+k] ≤ χ2

• Efficient if dimension low; degrees of freedom
•W, GHZ states: 
•DMRG: Variation over MPS
•MPS approximate ground states very well
•Generic MPS is unique ground state of local Hamiltonian
•Reductions can be computed efficiently:

∼ Nχ2

χ = 2

Efficient state representation: Matrix product states       a    
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Ĥ =
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• Find compatible state

• Storage space✓

���̂(lab)
i − �̂(est)

i

��
tr
≤ �i

and|ψ� 1 − �ψ|�̂lab|ψ� ≤
P

i(�i+tr[ĥi�̂
(est)
i ])

∆E



���̂(lab)
i − �̂(est)

i

��
tr
≤ �i

• Find compatible state

• Find compatible state
• Find parent Hamiltonian, ensure uniqueness 

of ground state and compute gap efficiently

• Number and accuracy 
of measurements Take only ✓ ∼N

�̂(lab)
i

and|ψ� 1 − �ψ|�̂lab|ψ� ≤
P

i(�i+tr[ĥi�̂
(est)
i ])

∆E

Quantum state tomography:  A solution?
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�
Ai+1[s1] · · · Ai+k[sk]

��� sj = 1, . . . , dj

�
If spans

is unique ground state of 
its parent Hamiltonian

|ψ� =
�

s1,...,sN

A1[s1] · · · AN [sN ]|s1 · · · sN �

|ψ�
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�
Ai+1[s1] · · · Ai+k[sk]

��� sj = 1, . . . , dj

�
If spans

is unique ground state of 
its parent Hamiltonian

∆E = max
�

λ
�� Ĥ(Ĥ − λ) ≥ 0

�

|ψ� =
�

s1,...,sN

A1[s1] · · · AN [sN ]|s1 · · · sN �

|ψ�
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: simple function of smallest non-zero eigenvalue of

�
Ai+1[s1] · · · Ai+k[sk]

��� sj = 1, . . . , dj

�
If spans

is unique ground state of 
its parent Hamiltonian

∆E = max
�

λ
�� Ĥ(Ĥ − λ) ≥ 0

�

Ĥ
2 = Ĥ +

�

i,j
i �=j

ĥiĥj ≥ Ĥ +
�

i,j
i �=j

overlap

ĥiĥj + ĥj ĥi

2
≥ (1− γ)Ĥ

ĥi + ĥjγ

∆E ≥ 1− γ

|ψ� =
�

s1,...,sN

A1[s1] · · · AN [sN ]|s1 · · · sN �

|ψ�

Quantum state tomography:  A solution?

χi×χi+k



• Find compatible state

• Find compatible state
• Storage space
• Find parent Hamiltonian, ensure uniqueness 

of ground state and compute gap efficiently

• Number and accuracy 
of measurements Take only ✓ ∼N

• Find compatible state

�̂(lab)
i

✓ ✓
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• Find compatible state, i.e.,      such that

construct

�̂(est)
i = �̂(cand)

i

�̂(est)
i

|ψ�

�̂(cand) = |ψ��ψ|
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• Find compatible state, i.e.,      such that

construct

�̂(est)
i = �̂(cand)

i

�̂(est)
i

|ψ�

�̂(cand) = |ψ��ψ|

•Directly minimize

• Find ground state of Hamiltonian constructed 
from local estimates

• Singular value thresholding

�
i ��̂

(est)
i − �̂(cand)

i �

Quantum state tomography:  A solution?



• Find compatible state, i.e.,      such that

measured Entries:
Ω =

�
k : P̂k = ⊗ σ̂αi

i ⊗ σ̂αi+1
i+1 ⊗

�
Entries:

P̂k =
�N

i=1 σ̂αi
i

�̂(est)
i = �̂(cand)

i

�̂(est)
i

|ψ�

pk = tr[P̂k|ψ��ψ|]

construct
�̂(cand) = |ψ��ψ|

•Directly minimize

• Find ground state of Hamiltonian constructed 
from local estimates

• Singular value thresholding

�
i ��̂

(est)
i − �̂(cand)

i �
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from local estimates
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• Find compatible state, i.e.,      such that

measured Entries:
Ω =

�
k : P̂k = ⊗ σ̂αi

i ⊗ σ̂αi+1
i+1 ⊗

�
Entries:

P̂k =
�N

i=1 σ̂αi
i

�̂(est)
i = �̂(cand)

i

�̂(est)
i

|ψ�

pk = tr[P̂k|ψ��ψ|]

construct
�̂(cand) = |ψ��ψ|

Initialize    (e.g., by zero matrix), proceed inductivelyY0

Singular value decomposition
Thresholding Xn = Umax{0,Σ− τ}V †

Yn−1 = UΣV †•  
•  
•  Yn = Yn−1 + δn

�
k∈Ω

pk−tr[XnP̂k]
2N P̂k

of           matrix2N×2N
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Initialize    (e.g., by zero matrix), proceed inductivelyY0

Singular value decomposition
Thresholding Xn = Umax{0,Σ− τ}V †

Yn−1 = UΣV †•  
•  
•  Yn = Yn−1 + δn

�
k∈Ω

pk−tr[XnP̂k]
2N P̂k

Instead of thresholding: Keep only largest singular value

Quantum state tomography:  A solution?



Thresholding•  

•  

|Xn� = �Yn−1� · argmax |�φ|Yn−1|φ�|

Yn = Yn−1 + δn
�

k∈Ω
pk−�Xn|P̂k|Xn�

2N P̂k

=
�

k∈Ω akP̂k, ak ∈

Initialize    (e.g., by zero matrix), proceed inductivelyY0
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�
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pk−�Xn|P̂k|Xn�

2N P̂k

=
�

k∈Ω akP̂k, ak ∈

Initialize    (e.g., by zero matrix), proceed inductivelyY0

local “Hamiltonian”, find ground state,
compute expectation values efficiently
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Thresholding•  

•  

|Xn� = �Yn−1� · argmax |�φ|Yn−1|φ�|

Yn = Yn−1 + δn
�

k∈Ω
pk−�Xn|P̂k|Xn�

2N P̂k

=
�

k∈Ω akP̂k, ak ∈

Initialize    (e.g., by zero matrix), proceed inductivelyY0

local “Hamiltonian”, find ground state,
compute expectation values efficiently

DMRG, MPS methods
M. Fannes, B. Nachtergaele, and R.F. Werner, Comm. Math. Phys. 144, 443 (1992),

U. Schollwöck, Rev. Mod. Phys. 77, 259 (2005),
D. Perez-Garcia, F. Verstraete, M.M. Wolf, and J.I. Cirac, Quant. Inf. Comp. 7, 401 (2007).

Quantum state tomography:  A solution?



��̂(lab)
i − �̂(est)

i � ≤ �i

• Find compatible state

• Find compatible state
• Storage space
• Find parent Hamiltonian, ensure uniqueness 

of ground state and compute gap efficiently

• Number and accuracy 
of measurements Take only ✓ ∼N

• Find compatible state

�̂(lab)
i

and|ψ� 1 − �ψ|�̂lab|ψ� ≤
P

i(�i+tr[ĥi�̂
(est)
i ])

∆E

✓ ✓
✓

Quantum state tomography:  A solution?



• “Measure” all
•Completely determines ground state
•Compute fidelity

Ground state critical Ising model Ĥ = −
N−1�

i=1

σ̂
x
i σ̂

x
i+1 −

N�

i=1

σ̂
z
i

�̂i,i+1

fN,n = |�gs|Xn�|2

MPS-SVT: Numerical experiments
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MPS-SVT: Numerical experiments

Ĥ =
N−1�

i=1

r̂
(i)
i r̂

(i)
i+1

hermitian, real and imaginary part of 
entries uniformly from         ,
1000 realizations for each   , 

[−1, 1]
n = 5N
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MPS-SVT: Numerical experiments

H. Häffner et al., Nature 438, 643 (2005).

|W � = |10···0�+|010···0�+|0···01�√
N



pk = �W |P̂k|W � + r

MPS-SVT: Numerical experiments

H. Häffner et al., Nature 438, 643 (2005).

Gaussian, zero mean

100 realizations for eachN

|W � = |10···0�+|010···0�+|0···01�√
N
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MPS-SVT: Numerical experiments

H. Häffner et al., Nature 438, 643 (2005).

Gaussian, zero mean

100 realizations for eachN

|W � = |10···0�+|010···0�+|0···01�√
N

fN,n = |�W |Xn�|2

n = 4000
(odd   )Nσ = 0.01

(even   )Nσ = 0.005



• Some schemes

- Permutationally invariant tomography

- Evidence procedure

- Compressed sensing

• Efficient state representation

- and using it for tomography

Toth, Wieczorek, Gross, Krischek, Schwemmer, Weinfurter, PRL 105, 250403 (2010)

J. Rau, PRA 82, 012104 (2010)

Gross, IEEE Trans. Inf. Th., 57, 1548 (2011)

Cramer, Plenio, Flammia, Somma, Gross, Bartlett, Landon-Cardinal, Poulin, Liu, Nat. Commun. 1, 149 (2010)

http://www.nature.com/ncomms/journal/v1/n9/full/ncomms1147.html
http://www.nature.com/ncomms/journal/v1/n9/full/ncomms1147.html


Measuring entanglement in 
many-body systems

Cramer, Plenio, Wunderlich, PRL 106, 020401 (2011)



Quantifying entanglement with routine measurements:  The problem

• Rarely, experiment has access to full state tomography

• Can we quantify entanglement under minimal 
assumptions?

• If we know Hamiltonian, knowledge of temperature 
is enough, but how do we determine Hamiltonian?
Even more costly than state tomography.

• Would like to verify existence of entanglement 
quantitatively in experimentally simple ways and 
without unspoken assumptions.



Czz(�̂) = tr [�̂ (σ̂z
A ⊗ σ̂z

B )]− tr [�̂σ̂z
A ] tr [�̂σ̂z

B ]Measure:

Observe: Czz(�̂) = −1

|ψ� =
|01� − |10�√

2

�̂ =
|01��01| + |10��10|

2

Optimist:

Pessimist:
      Realist:   Need to know more!

Quantifying entanglement with routine measurements: Of optimists and pessimists
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B ]Measure:

Observe: Czz(�̂) = −1

, ...
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Czz(�̂) = tr [�̂ (σ̂z
A ⊗ σ̂z

B )]− tr [�̂σ̂z
A ] tr [�̂σ̂z

B ]Measure:

Observe: Czz(�̂) = −1

Know: tr
�
�̂2

�
= 1

, ...

, ...

|ψ� =
|01�+ eiφ|10�√

2

Quantifying entanglement with routine measurements: Of realists



Problem:
Experiment does not have direct access to entanglement, 
only to a limited set of measurement data.

General Question:
What is the least amount of entanglement compatible 
with measurement data?

Result:
Measurement data guarantees the at least        units of 
entanglement are present.

Quantifying entanglement with routine measurements:  The general principle



Problem:
Experiment does not have direct access to entanglement, 
only to a limited set of measurement data.

General Question:
What is the least amount of entanglement compatible 
with measurement data?

Result:
Measurement data guarantees that at least        units of 
entanglement are present.

Emin

Quantifying entanglement with routine measurements:  The general principle

Emin = min
�̂

�
E(�̂) : tr[�̂Âi] = ai

�

Entanglement measure

Measurement data, e.g.,      Czz



not 
entangled

ŴConstruct witness operator

Quantifying entanglement with routine measurements:  Witnesses
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not 
entangled

ŴConstruct witness operator

Ŵ =
�

i,j

wi,j σ̂i ⊗ σ̂jDecompose

Measure tr[σ̂i⊗σ̂j �̂]

tr[Ŵ �̂]Recombine to

Quantifying entanglement with routine measurements:  Witnesses

�̂

tr[Ŵ �̂] ≥ 0 for all separable states• Only yes/don’t know answer
•Why throw away information?

Emin = min
�̂

�
E(�̂) : tr[�̂Âi] = ai

�



Audenaert & Plenio, NJP 8, 266 (2006)

Quantifying entanglement with routine measurements:  SDP and correlations

Emin = min
�̂

�
E(�̂) : tr[�̂Âi] = ai

�
complicated optimization problem

BUT

Emin ≥ log2 max

�
ν0 +

M�

k=1

νkak

��� ν0 +
M�

k=1

νkÂk ≤ M̂Γ, M̂† = M̂, �M̂�op ≤ 1, νk ∈
�

may sometimes be formulated as a SDP:



Quantifying entanglement with routine measurements:  SDP and correlations

Ĥ = 1
2

N−1�

i=1

σ̂
z
i σ̂

z
i+1 −

N�

i=1

�
hzσ̂

z
i + hxσ̂

x
i

�

Simon, Bakr, Ma, Tai, Preiss, Greiner, Nature 472, 307 (2011)

http://arxiv.org/find/cond-mat/1/au:+Simon_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Simon_J/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Bakr_W/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Bakr_W/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ma_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Ma_R/0/1/0/all/0/1
http://arxiv.org/find/cond-mat/1/au:+Tai_M/0/1/0/all/0/1
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W : �Ŵ �sep ≥ 0

Brandao, PRA 72 022310 (2005)

Quantifying entanglement with routine measurements:  Structure factors

Emin = min
�̂

�
E(�̂) : tr

�
�̂Ŝ(q)
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− Ŵ ≥ 0
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Ŵ∈CN

tr[P̂N �̂P̂NŴ ]
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e−Ĥ/(kBT )

Z

�n̂i� = 1

N = 10× 10× 10

U
kBT =

1
5

J
U = 0.01
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• without assumptions
• using standard measurements only
• versatile enough to accommodate different measurements

Quantification of entanglement in many-body systems
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